The existence of bounded positive solutions of semilinear elliptic boundary value problems of the type (1.1) Lu = λf(x,u), ceΩ,
entire space R n which decay exponentially at oo (if m > 0) has been proved by Berestycki and Lions [7] , Berestycki, Lions, and Peletier [8], Berger [9] , and Strauss [25] . These results of course are not concerned with boundary conditions on 9Ω. Our method establishes, in particular, the existence of positive solutions of the Dirichlet problem for (1.4) in unbounded domains Ω without the requirement of any symmetry conditions on either Ω or the coefficients. The earlier methods cited, depending critically on the radial symmetry of the coefficients, could not be extended to solve the present problems.
However, we are unable to prove in general that the solution has limit zero at oo. This is proved in §5 only in cases for which the nonlinear terms in (1.4) have limit zero at oo.
Existence theorems for boundary value problems on bounded domains are contained in papers by Ako ] either apply only to special cases of our problem, or do not guarantee nontrivial solutions, or both. The complex theory of weighted Sobolev spaces, as developed and exploited in [5, 6,10, 13, 14], requires restrictions on the "size" of the domain Ω at oo and does not aim at positivity or asymptotic behavior of the solutions.
Section 2 describes the notation and principal hypotheses. In §3 some results of Rabinowitz [23] for bounded domains are adapted to our structure. The main Theorem 4.3 establishes the existence of a bounded positive solution of (1.1), (1.2) in Ω for all sufficiently large λ if H1-H5 hold. The modifications in Theorem 4.5 and 4.6 yield bounded positive solutions of (1.1) in R n . Section 5 concerns the existence of positive solutions u(x 9 λ) of (1.1), (1.2) which have limit 0 as \x\ -> oo. This is proved in two cases: (i) m(x) is uniformly positive and f(x, t) -» 0 as |x| -> oo and (ii) in dimensions n > 3,/(x, t) satisfies a Dini condition of the Meyers and Serrin type [17] . Section 6 contains modifications for m(x) < 0.
The case of nonnegative functions f(x, u) for all x 9 u is not being considered here. We solve (1.1), (1.2) in this case elsewhere by completely different methods.
Preliminaries.
Let \x\ denote the Euclidean norm of a point x = (*!,... ,x n ) in real Euclidean w-space R n , n > 2. The notation below 
HI-
where multi-index notation has been used.
The conditions below will be imposed on the functions a Ij9 m, and / in (1.1), (1.3):
HI. Each a u e Cί o^α (Ω), m e Cf oc (Ω), m{x) > 0 in Ω, and (α f7 (x)) is symmetric and uniformly positive definite in every bounded subdomain of Ω, where a e (0,1) is fixed throughout.
H2. /is locally Lipschitz continuous on (Ω U 9Ω) X i?
+ , where R + = [0, oo), and/( JC, 0) = 0 for all XGΩ. H3. There exists a positive number T such that f(x 9 1) < 0 for all t> T and for all Λ: e Ω.
H4. There exist JC 0 e Ω and Γ o e [0, Γ) such that F(x θ9 T o ) > 0, where
F{x 9 1) = /"'/(*, T) rfr, 0 < t < oo.
H5. For every bounded domain M c Ω and for every ί 0 > 0, there corresponds a positive constant K = K(M,t Q ) such that λ/(x, /) + ΛCi f is a nondecreasing function of t on 0 < ί < t 0 for each fixed x e M.
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H5 is satisfied, for example, if /(x, /) is continuously differentiable with respect to / at every (x, /) e Ω X R + . In particular H2 implies that These hypotheses are all satisfied in the case that (1.1) is specialized to equation (1.4) under the following conditions: (i) 1 < γ < /?; (ii) p, q, m are locally Lipschitz continuous, nonnegative, and bounded; and (iii) p/q is bounded and bounded away from zero in Ω.
3. Construction of subsolutions. Let T be as in H3 and let f τ : Ω X R -> R be defined by Proof. H7 implies that H4 holds for some x 0 in a domain Ω Λ for some R > 0. The proof given by Rabinowitz [23, pp. 176-177] shows on the basis of H1-H4 in Ώ R that I R (φ, λ) attains its minimum on ^(Ω^) at a point φ = u R ( -, λ) which is a nonnegative classical solution of (3.3) in Ω Λ . To show that u R is nontrivial, consider the piecewise C 1 function on Ώ, R defined by
where a > 0 is chosen so that G fl cΩ, and i? > a + 2 without loss of generality. Since w Λ = 0 on 3Ω Λ , w Λ e ^(Ω^). Each α ίy (x) and F τ (x, t) are bounded in Ω for each fixed / > 0 by H6, (3.1), and (3.2). Then one sees easily from (3.5) and (3.6) that there exist positive constants K λ and K 2 such that
for R > a + 2. Since C < T by H3 and H7, F τ (x 9 C) = F(x, C). Then H7 and (3.4) show that I R (w R ,λ) < 0 for some sufficiently large R. However, 7 Λ (0, λ) = 0 from H2, (3.2), (3.4)-(3.6) and hence u R is nontrivial from the minimum property of u R .
REMARK. The boundedness hypothesis H6 can be relaxed to allow unbounded functions a tJ {x) and /(x, •) provided H7 is modified. This can be accomplished by a different choice of w R (x) in the proof of Theorem 3.2.
Existence of positive solutions.
A solution of (1.1), (1.2) in an unbounded domain Ω c R n is understood to be a function u = w( , λ) e CΊ Proof. Since H1-H4 hold, Theorem 3.1 guarantees a positive solution u R (x, λ) of (3.3) in Ω Λ for all λ > λ* > 0, as required for Lemma 4.2. We need to check first that the constant solution v(x, λ) = T of (4.2) satisfies u R {x, λ) < T for all c e Ω Λ . Suppose to the contrary that u R (x Q ,λ) > T is a (necessarily positive) maximum of u R (x,λ) in Ω Λ . Then, in appropriate coordinates, 0 < Lu R (x 0 , λ) = λ/(x 0 , u R (x 0 , λ)), contradicting H3. Accordingly it follows from (4.1) that H> 0 (JC, λ) < T for all x G Ω.
Therefore the sequence {w y (x, λ)} in Lemma 4.2 exists. The next (crucial) step is to prove, for every positive integer /, that there exists a positive constant K(i) 9 ( x, λ) < u(x, λ) < Γin Ω, and so is bounded.
The pointwise limit of {Uj{x, λ)} exists by the monotone property (E), and the limit can only be the function u(x,λ) constructed above. To prove that u(x, λ) > 0 for all xeSl, let M be any bounded domain with M c Ω and choose an integer / such that Me Q R+i (x 9 λ) ), x e Ω.
If 0 < λ < λ* and 0 < u(x, λ) < Tit follows that
and hence by H8 that
However by H3, h(x, u(x, λ)) < 0 for all x e Ω such that u(x, λ) > T 9 and for all λ > 0, and so M{x 9 λ) > m(x) > m Q at all such points. Therefore (5.4) is satisfied for all x e Ω and for all λ in 0 < λ < λ*. By (5.1) and (5. Proof. Let u(x, λ) be the solution of (5.1), (5.2) constructed in Theorem 4.3: 0 < w(x, λ) < T for all x e Ω, λ > λ*, λ* as in Theorem 4.3. Define Under the hypotheses of Theorem 5.2, a positive solution w(x, λ) of (5.7) in Ω exists for all λ > λ*.
We now obtain an analogue of Theorem 5.2 without the uniform positivity hypothesis H8 on the coefficient m(x) in (5.1). In particular, m(x) is allowed to be identically zero. 
